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LEVI UMBILICAL SURFACES IN COMPLEX SPACE 


ROBERTO MONTI AND DANIELE MORBIDELLI 

Abstract. We define a complex connection on a real hypersurface of which 
is naturally inherited from the ambient space. Using a system of Codazzi-type 
equations, we classify connected real hypersurfaces in C"+^, n> 2, which are Levi 
umbilical and have non zero constant Levi curvature. It turns out that such surfaces 
are contained either in a sphere or in the boundary of a complex tube domain with 
spherical section. 


1. Introduction 

Let M be a {2n + l)-dimensional real surface embedded in denote by h the 

C-linear extension of the second fundamental form of M and by g be the restriction 
to the complexified tangent bundle CTM of the standard hermitian product of 
The surface M is Levi umbilical if h{Z, W) = Hg{Z, W) for some scalar function H 
(the Levi curvature) and for all holomorphic tangent vector fields Z and W. Levi 
umbilicality is weaker than Euclidean umbilicality because it contains no information 
on terms of the form h{Z, W) with holomorphic Z and W. In particular, it is easy to 
construct Levi umbilical surfaces which are neither spheres nor hyperplanes. Indeed, 
any surface which is the zero set F = 0 of a smooth defining function F{z, z) = 
\z\^ + ^{z,z), where $ is any polyharmonic function in is Levi umbilical (see 

Example 12. dj) . 

In view of these examples, a natural question is whether there is any version of 
the classical Darboux theorem for usual umbilical surfaces. In this paper we classify 
Levi umbilical surfaces with constant non zero Levi curvature. An example of such 
surfaces are, of course, the spheres {z G : \z\ = r}, r > 0. A less trivial example 
is the boundary of spherical tubes, i.e. surfaces of the form (see Example I2.2|l 

n+l 

[zeC^+^:J2i^h + Zhf = r^}, r>0. (1.1) 

h=l 

Our main result states that there are no other examples. More precisely, we prove that 
any (2n+ l)-dimensional oriented connected surface embedded in n >2, which 

is Levi umbilical and has non zero constant Levi curvature is necessarily contained 
either in a sphere or, up to complex isometries of in a spherical cylinder of the 

form (HH). This is proved in Theorem 15.11 It is interesting to observe the appearance 
of tube domains, which are relevant objects in several complex variables, see |Krj . 
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This classification follows from the analysis of a system of Codazzi equations for h, 
where covariant derivatives are computed with respect to a suitable complex connec¬ 
tion V on M. Though very natural, this connection and the corresponding Codazzi 
equations do not seem to be studied in the literature. The main features of V are: 

(a) both the holomorphic and the antiholomorphic bundles are parallel; 

(b) the restriction g to CTM of the hermitian product in satisfies Vg = 0. 

Briefly, the connection is constructed in the following way. Let u he a real unit 
normal to M and consider N = 2“^/^ (z/ — iT), the holomorphic unit normal to M. 
Here, T = J(z/) where J is the standard complex structure of Then, given a 

holomorphic tangent vector field Z and a tangent vector U, we define 

VuZ = DuZ-g{DuZ, N)N, 

where D is the standard connection in Then, this dehnition, along with VT = 0, 

is extended to the whole tangent bundle, giving rise to a connection satisfying (a) 
and (b) (see Section IH]). 

Properties (a) and (b) are similar to the ones of the Tanaka-Webster connection 
on strictly pseudoconvex Cauchy-Riemann manifolds (see EH and j^). Whereas for 
this connection the Levi form —idt!} associated with a contact form plays the role of 
the metric and is required to be parallel, in our case the metric inherited from 
is required to be parallel. See also the discussion in Remark Id.21 This produces a 
connection which seems to be more suitable for our purposes. A different connection 
is introduced by Klingenberg in jKlj . It arises as orthogonal projection of the standard 
connection in the space and, in general, does not satisfy property (a). 

A typical example of Codazzi equation for h, written in components with respect 
to a holomorphic frame Zi,Zn, is (see Remark lOD 

^0^/37 V/3^o 7 ^^07^/301 (l'^) 

where = hi^Za^Z^) for a, jS = and index 0 refers to T. In Theorem 14.11 

we compute the system of equations needed in the classihcation theorem. In these 
equations, as in there is a non vanishing right hand side, reflecting both the 

non vanishing of Tory and the non vanishing of g{DzN, N). 

Concerning the restriction n > 2 in the classihcation theorem, note that for n = 1 
the umbilicality property is satished by any hypersurface of C^. Moreover, by the 
existence and regularity results proved by Slodkowski and Tomassini isn and Citti, 
Lanconelli and Montanari jCLMj for the Levi equation, there are smooth graphs in 
with prescribed boundary and with constant Levi curvature which do not belong to 
the classes described above. Then, the natural question is whether a compact surface 
in having constant Levi curvature is necessarily a sphere. This question has been 
recently addressed in jHL] by Hounie and Lanconelli, who give an affirmative answer 
in the class of Reinhardt domains. 

Another result implied by our Codazzi equations is the classification of connected 
pseudoconvex surfaces with non zero constant Levi curvature and vanishing h^g (the 
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symmetric part of the second fundamental form). Up to complex isometry, such 
surfaces are contained in a sphere or in a spherical cylinder of the form 

n+l 

1^; G ^ \zi\^ = r^|, r > 0, 1 < m < n. 

i=m 

This is established in Theorem 15.21 which improves Theorem 5.2 in |K]j . where the 
result is proved by a global argument under compactness and strict pseudoconvexity 
assumptions (see Remark 15.3j) . 

The notion of Levi curvature was introduced by Bedford and Gaveau in [BG] and 
it has been recently generalized by Montanari and Lanconelli in [ML] . There is an 
increasing interest on problems concerning this curvature, mainly from the point 
of view of partial differential equations. Other signihcant references are Gitti and 
Montanari jGMj . Huisken and Klingenberg jHK] and Montanari and Lascialfari |MLaj . 
The tools developed in this work could be useful in the study also of other problems 
concerning real hypersurfaces in complex space. 

Goncerning terminology, we call “Levi form” the hermitian map {Z, W) i—^ h{Z, W), 
with holomorphic Z and W. This is justihed by the fact that h{Z, W) coincides with 
the Levi form associated with a natural pseudohermitian structure (see or 
for this notion) inherited by M from the ambient (see the discussion in Section |2I). 

Notation. Greek indices a, f3 etc. run from 1 to n, Latin indices h,k run from 1 
to n + 1. We let dh = ^ and = dhF. J is the standard complex 

structure and D is the usual connection in The standard hermitian product g 

in is normalized by g{dh, d^) = g{di, dk) = g{dh, 4) = g{di, di) = 0, where 
6hk is the Kronecker symbol. The metric tensors g^p and g^^, which are related by 
= ^a'y, SLe used to lower and raise indices, e.g. ha^ = g^^ha^. If h is symmetric, 
we equivalently write = hoP. We adopt the summation convention. If U is a bundle 
we denote by r(U) the sections of E. Finally, [f/, V] denotes the Lie bracket of vector 
helds and Torv(U, V) = Vt/U — Vyf/ — [U, V] is the torsion of the connection V. 

Acknowledgments. We are indebted to Ermanno Lanconelli and Annamaria Mon¬ 
tanari for several fruitful conversations on Levi curvature. 

2. Levi form and examples 

Let M C be a real hypersurface oriented by a real unit normal v. We denote 
by = T^'^M (resp. the holomorphic (resp. antiholomorphic) tangent 

bundle of M. We restrict the complex structure J to and the metric g to CTM. 

The vector held T = J{v) is tangent to M. Then, the complexihed tangent bundle 
CTM can be decomposed as a direct sum Ti © © CT and the decomposition is 

orthogonal with respect to g. The holomorphic unit normal to M is the holomorphic 
vector held 


( 2 . 1 ) 
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Up to orientation, N is defined uniquely on M by \N\ = 1 and g{N, U) = 0 for all 
U E H (BH- Here and in the following, |Up = giV, V). We have the relations 

T = ^(N-N), i,= ±(N + N). (2.2) 

There is a unique real l-form g on M such that 

g{T) = 1 and g{Z) = 0 for all Z G TY © H. (2.3) 

Precisely, g{Z) = g{Z,T) for any Z G CTM. The Levi form on M associated with g 
is the hermitian form on Ti dehned by 

L^(Z, W) = Y,^V{Z, lU), Z,W eU. (2.4) 

Denote by h the C-linear extension to CTM x CTM of the second fundamental 
form of M. For Z, lU G CTM let 


h{Z,W) = g{Z,Dwiy). 


(2.5) 


Note that h(Z, W) = h{W, Z) and h(Z, W) = h{Z, W). 

The Levi form associated with g coincides with the hermitian part of the second 
fundamental form, i.e. Ln{Z,W) = h{Z,W) for all Z,W E TL. Indeed, by (12. 3 j) and 

(EH), 

dg{Z, W) = Zg{W) - Wg{Z) - g{[Z, W]) = -g{[Z, W]) 

= adw, Z],T) = - D^w.N- N). 

Since g{D^Z, N) = g{DzW, N) = 0, we hnd 


dg{Z, W) 


i 

71 


{g{DwZ, N + N)+ giDzW, N + N)) 


-2ig{D^Z,u). (2.7) 


The claim follows. 

The Levi curvature H of M is the trace of the Levi form. The surface M is 
Levi umbilical if h{Z,W) = Hg{Z,W) for all Z,W ETC. In order to express these 
dehnitions in components, £x a frame Zi,..., Z„ of holomorphic tangent vector helds. 
Let = h{Za, Zp) and g^^ = g{Za, Zjf). The Levi curvature of M is 


H = (2,8) 

n 

The surface M is Levi umbilical if = Hg^p. Observe that the relation between 
the Levi curvature H = He and the standard mean curvature i7]R is {2n + l)i7]R = 
2nHc + hiT,T). 

It is useful to compute the Levi curvature by means of a dehning function. Let 
M = {z E C^~^^ : F{z) = 0} for some smooth function F : > M. The 

holomorphic unit normal is 


^ = 72^9;,, where = F^Fj,. 

\(it I 


(2.9) 
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The complex Hessian D^F induces a hermitian form on holomorphic vector fields 
of by letting D‘^F{U,V) = U^V'^F^k, where U = U'^dh and V = V^dj:. As 
observed in jMLj . the Levi form can be written as 

h(U,V) = -^ D ^ F ( U , V ), U , Ven . 


2\dF\ 

Moreover, the Levi curvature of M is 


n\dF\ 


Phh~ 


FkFhFhk 
\dF\^ 


( 2 . 10 ) 


( 2 . 11 ) 


We briefly check ()2.10|) . By and dZSl), we have 

h{U, V) = g{U, Dyu) = -^g{U, Dy{N + N)) = g (u, Dy 
As g{Fhdj„ U) = 0, we get 


g[u,Dy 


a. = 


rg{U,Dy {Fndj,)) = 


-D‘^F{U,V). 


\dF\ ^)) 2\dF\ 

In order to prove (EUD, assume, for instance, Fji^\ ^ 0 near a point P G Af and 


consider the local holomorphic frame near P 


Z„ = dn,- 


Fn+l 


a 


n+l 5 


a = 1,..., n. 


( 2 . 12 ) 


The application of (innD to the Zq’s gives 


h^a — 


1 f 


TLo — 


2|aF|l 


F-g 


r _ 

an-\-l 


n+l ^n +1 

The metric tensor and its inverse are respectively 


n+l,^ 


~ I _ ^_L1 


n+l I 


12 ^ n+l,n+l 


1 


9ap — X ( +/9 + 


FgFp 

+n+l|' 


and = 2 (+/3 - 1 ^ 


Then, a short computation gives 

H = -FKs = 


n" n\dF\ 


Fuh 


hh 


FkF^Phk 

\dF\^ 


In the next proposition we collect some useful identities. 


Proposition 2.1. Let M C he an oriented surface with real unit normal v, 

T = J{u) and holomorphic unit normal N. Then: 

i) g{DzN,N) = g{[T,Z],T) for all Z e T{n); 

ii) g{DzN, N) = ih{T, Z) for all Z e T{CTM); 

hi) gl[Z,W],T) = -2ih{Z,W) for all Z,W eT{n). 

Proof. Note that g{DzT,T) = 0, because T is real. Moreover, by (I2.2|l . we have for 
any Z G r(7-f) 

g{[T,Z],T) = giDrZ - DzT,T) = ^giD^_^Z,N). 
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We used the orthogonality N) = 0, which holds because Z is holomorphic. 

Thus 

2g{[T, Z], T) = g{DzN + [N, Z],N)- g{DzN + [N, Z],N) 

= g{[N-N,Z],N)+g{DzN,N) 

= -g{[T, Z],u + tT)+ giDzN, N) = g{[T, Z],T) + g{DzN, N). 

% 

We used again (I2.2|) and (?([T, Z],v) = 0. This proves i). 

In order to check ii), note that 

g{DzN, N) = g{DzN, N + N) = V2g{DzN, v) = g{Dzv, v) - ig{DzT, v) 

= -ig{DzT, v) = ih{T, Z). 

Identity iii) is proved in (j2ini)-(i2iii). □ 

Now we discuss a couple of examples showing the existence of non trivial Levi 
umbilical surfaces. 

Example 2.2 (Boundary of spherical tubes). The surface M = {z e '■ F{z) = 
0}, where 

.. n+l 

Fiz) = - Y^{zh + Zhf - 1 , 

^ h=l 

is a Levi umbilical cylinder with spherical section having constant Levi curvature. 
Indeed, the complex derivatives of F are Fh = = Zh + Zh and = 6hk- Then 

\dF\ = y/2 and, by (ITTni . the Levi curvature is H = 1/ a/ 2. The complex Hessian of 
F is the identity and, by (ITTUl) . the condition is identically satished on 

M. 

Example 2.3. It is possible to construct compact Levi umbilical surfaces by poly¬ 
harmonic perturbations of the sphere. Consider 

M = [z e : \z\^ + X^{z) = l] , (2.13) 

where A is a real parameter and 

. n+l 

■*>(•-) = 5 

^ h=l 

The derivative of the defining function F{z) = // -|- A<I)(z) — 1 are Fh = Zh + \zh 
and F/jfc = 6hk- On the set M we have |cIF(z)/ = 2 — (1 — A^)//. Then, \dF\ 
is constant on M if and only ifA = 0,l,—1. If|A|<l,Misa smooth compact 
surface bounding the region {z G : F{z) < 0}. Indeed, M is an ellipsoid: 

letting z = X + iy, we have F{z) = (1 -|- A)|a:/ -f (1 — A)||// — 1. Moreover, on M 
\dF{z)\‘^ = 2 — (1 -I- A)(l — 2A|a:/) > 1 — A > 0. By formula 1)2.111) . the Levi curvature 
of M is iL = The complex Hessian of F is the identity and, by ()2.1 Oj) . the 

surface M is Levi umbilical and 


1 
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Many other examples of compact Levi umbilical surfaces can be constructed, taking 
as $ in (j2.13jl any polyharmonic function, i.e. any smooth function satisfying = 0. 
In fact, the complex Hessian of the corresponding dehning function is the identity. 
Therefore condition (ITTil) is satished. 

3. The connection and its properties 

In this section, we define the covariant derivative V on an oriented, smooth hyper¬ 
surface M C starting from the standard connection D in £^n+i^ A vector held 

V G r(CTM) can be uniquely decomposed as 

V = Z + W + fT, (3.1) 

where Z,W E T(H) and / G is a complex valued function. We dehne 

V ; r(CTM) X r(CTM) ^ r(CTM) by letting, for U,V e r(CTM) with H as in 

(HH), 

VuV = DuZ - g{DuZ, N)N + DuW - g{DuW, N)N + {Uf)T. (3.2) 

Here, N is the holomorphic unit normal. Equivalently, let for U G r(CTM) and 
Z, W G T{n) 

VuZ = DuZ-g{DuZ,N)N, 

VuW = DuW-g{DuW,N)N, (3.3) 

Vc/T = 0. 


We have the following 

Theorem 3.1. V is a complex connection on M and satisfies the following properties: 

(Cl) VfiV = VuV for all U,V E T{CTM); 

(C2) Vu{J{V)) = JiVuV) for all U,V E r(CTM); 

(C3) The bundles Ti and TL are parallel; 

(C4) Vg = 0; 

(C5) Torv(H, H) = 0 for all U,V E T{n); 

(C6) Torv(f/, V) = -g{[U, V],T)T for all U,V ET(n). 

Proof. Properties (Cl), (C2) and the fact that V is a connection are easy and we 
omit their proof. 

Property (C3) amounts to say that the covariant derivative of a holomorphic 
(resp. antiholomorphic) vector held is still a holomorphic (resp. antiholomorphic) 
vector held. But this is an immediate consequence of dehnition (m and of the 
orthogonal decomposition = Hp © CNp, at any point P E M. 

In order to prove property (C4), let 


W = + /iT, 


V2 = Z2 + W2 + /sT, 
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where 2’i, Z 2 , Wi, W 2 G r(H) and /i, /2 are complex valued functions. By the metric 
property of the standard connection D in we have 

Ug{V^, V 2 ) = Ug{Z,, Z 2 ) + Ug{Wi, W 2 ) + Ugif^T, / 2 T) 

= g{DuZi, Z2) + g{Zi, DuZ 2 ) + g{DuWi, W2) + g{Wi, 

+ giDuifiT), / 2 T) + g{f,T, DuihT)). 

We claim that the following identities hold 

g{DuZ,, Z2) = g{VuZi, V2), g{DuWi, W2) = B2), 

g(Z,, DuZ 2 ) = giVi, VuZ 2 ), g{Wi, DuW 2 ) = WuW 2 ). 

We check the hrst one only. Since g{N, Z 2 ) = 0, we have g{DuZi, Z 2 ) = ^'(Vf/Z’i, Z 2 ) 
and property (C3) gives giyxjZ\^Z 2 ) = g(yuZi,V 2 )- The following identities also 
hold 

giDuifiT), / 2 T) = g{{Uh)T, %), g{hT, Du{hT)) = g^, {Uf 2 )T). (3.6) 

We check the hrst one. Since 5f(Zi)c/T, T) = 0, then 5f(Zi)f/(/iT), / 2 T) = g{{Ufi)T, f 2 T) + 
g{fiDuT, J 2 T) = g{{U fi)T, f2T)- But T is orthogonal to Z 2 and 1^2- Thus we get 
the claim. Replacing (13.5|) and (13.6|] into (I3.4p we get Ug^y) = g(yuVi,y 2 ) + 
g{Vi, Vu^), which means Vg = 0. 

Statement (C5), Torv(f/, R) = 0 for U,V E T{H), follows from Tor £>(17, R) = 0 and 
[U,V] G r(7-f). Concerning property (C6), observe that a connection leaving H and H 
parallel cannot be, in general, torsion free, because the horizontal distribution needs 
not be integrable (in other words, it may be [H, H] ^ 77 © 77). Take IR G r(77 © 77). 
Then 

g{ToT^{U, V),W) = g{ToTD{U, V) + g{DyU, N)N - g{DuV, N)N, W) = 0, 

because Totd{U,V) = 0 and g{N,W) = g{N,W) = 0. Then Torv(R,R) = AT for 
some function A and, by (C3), A = g{ToY^{U,V),T) = —g{[U,V],T). □ 

Recall that the restriction of the hermitian product in to CTM induces the 
orthogonal decomposition 

CTM = 7f © 77 © CT. (3.7) 

Denote by : CTM Ti the projection onto 77 and by the projection onto 77. 
Then it is easy to check that for U,V E r(77), we have 

VpR = n„([f/,R]) and Vc;R = n^([[/, R]). (3.8) 

This follows from (C3) and (C6). 

Remark 3.2. If M is a strictly pseudoconvex CR manifold, there is a natural con¬ 
nection associated with a given contact form i?, which was introduced by Tanaka 
and Webster in m and j^. Although it was designed for different scopes from 
ours, we highlight some analogies and differences between our connection V and the 
Tanaka-Webster one. 


(3.4) 


(3.5) 
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The Levi form {Z, W) i—*• W) is a non degenerate hermitian form on Ti. 

Then, "d induces a decomposition of CTM similar to ()3.7|) . The vector field T is 
replaced in this construction by the characteristic vector field T', dehned by 'd(T') = 1 
and dd{T, Z) = 0 for all Z G In the Tanaka-Webster connection, the Levi form 
d-d essentially plays the role of the metric and is required to be parallel. Covariant 
derivatives of holomorphic vector helds along antiholomorphic ones are dehned by 
relations analogous to (ESI) (see n Lemma 3.2, p. 31]), but with the projections 
and induced by dd. The characteristic vector held T' of'd is in general diherent 
from T for any choice of the contact form'd. 

Similarly to the Tanaka-Webster connection, the property VT = 0 is forced by 
(C4) and (C5). Indeed, the one dimensional bundle generated by T is the orthogonal 
complement with respect to the parallel metric g of the parallel bundle TL®TL. Then 
Vj/T = AT for some function A and U G CTM. But, since T is real, 0 = Ug{T,T) = 
2g{VuT,T = 2A. Therefore VT = 0. 

Remark 3.3. The connection V is not uniquely determined on the whole tangent 
bundle r(CTM) by properties (C1)-(C6). In particular, VtU with U G T{H) is not 
uniquely determined. In ()3.3p . we let VtU = DtU — g{DTU, N)N. An alternative 
possibility, consistent with dSSD , is to set 

V'tU = Un{[T,U]) and = n^([T, t/j). 

The resulting connection V' still satishes (C1)-(C6). Our choice V, however, seems 
to be more suitable than V' to work with Codazzi equations. 

Remark 3.4. The real tangent bundle has the orthogonal decomposition TM = 
Re(7-f © 7Y) © MT. Then, for Y G r(Re(7-f © 7^)), V G r(TM) and / real function, 
we have 


Vy (y + fT) = DvY - g{DvY, u)u - g{DvY, T)T + (I//)T. (3.9) 

Indeed, taking X = Z + Z with holomorphic Z, we have 

Vy(Z + Z) = VyZ + VyZ = TyZ - g^DyZ, N)N + DyZ - g{DyZ, N)N 
= DyX - g{DyZ, v){y - iT) - g{DyZ, v){y + iT) 

= DyX - g{DyX, v)v + ig{Dy{Z - Z), z/)T 
= DyX - g{DyX, u)u + g{Dy{J{X)), -J{T))T 
= DyX - g{DyX, u)u - g{DyX, T)T. 

We used z/ = —J(T) and the property Dy o J = J o Dy. 

4. Codazzi equations 


In this section we compute the system of Codazzi equations. 
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Theorem 4.1. The Levi form h on a hypersurface M C satisfies the following 
Codazzi equations 


^hafj — ihafjh^Q — iha^hpo — ‘lihp^haQ^ (4.1a) 

V^/i„o - Vo/i«^ = iha\h^ - ih^xh^ + ih^ghoo, (4.1b) 

Vphao - Vo/ia/3 = ih^xh^ - ihpxha + ihagho - 2i/i«o^/3o, (4.1c) 

Vahoo - Vohao = 2ih^hxo - ^ih^h^o - ikaxh^ + ih^xho - ihaohoo- (4.Id) 

Proof. The proof relies on the fact that the standard connection D in has van¬ 
ishing curvature. We shall also use several times the formula 

DzU = VzU - V2h{U, Z)N, U e T{n), Z E T{CTM). (4.2) 


Let Z,W E r(CTM) and U E T{H). Denote by Rd and i?v the standard curvature 
endomorphisms of D and V. Using dOl), we have 

0 = Rd{Z, W)U = DzDwU - DwDzU - D[z,w]U 
= Dz{VwU - V2h{U, W)N) - Dw{VzU - V2h{U, Z)N) - D^z,w]U 
= Rx 7 {Z, W)U - V2h{U, W)DzN + V2h{U, Z)DwN 

- V2[zh{U, W) - hiWzU, W) - Wh{U, Z) + hiVwU, Z) - h{U, [Z, W])^N. 

(4.3) 


Multiplying by N and using g{R^{Z, fU)17, N) = 0, we get the equation for h 


Wzh{U, W) - Vwh{U, Z) = h{U, Torv(lU, Z)) - h{U, W)g{DzN, N) 

+ h{U,Z)g{DwN,N), 


(4.4) 


where V zh{U, W) = Zh{U, W) — h{'\/zU, W) — h{U, V^fU) is the covariant derivative 
of h. Note that by Proposition 12.IL we have g{DzN, N) = ih{Z,T) for any Z E 

r(CTM). 

In order to prove ()4.1aj) . take Z,W,U E T{H) and write ()4.4|1 with W instead of W. 
By Theorem 13.IL the torsion satishes Torv(2', lU) = —g{[Z,W],T)T. Moreover, by 
Proposition 12.II we have g{[Z, W],T) = —2ih{Z, W). Thus, equation (14.411 becomes 

Vzh{U, W) - VwHU, Z) = ih{U, Z)h{W, T) - ih{U, W)h{Z, T) - 2ih{Z, W)h{U, T). 

(4.5) 

This is formula (0113). 

In order to prove ()4.1bfl . we take Z,U E T{H). By (14.411 . we have 

Vzh{U, T) - VrhiU, Z) = h{U, VtZ + [Z, T]) - ih{U, T)h{Z, T) 

+ thiU,Z)h{T,T), 


because VT = 0. 
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(4.7) 


(4.9) 


We analyze the right hand side of (I4.6|) . By Tor£)(Z,T) = 0 and the second 
eqnation of (HI, we have 

WtZ + [Z, T] = DzT - giDrZ, N)N 

= DzT - g{DzT, v)v - igiDrZ, v)T. 

We also used 5 f([Z,T],n) = 0, which implies g{DzT,i>) = g{DTZ,p). The vector 
field V = DzT — g{DzT,u)u is tangent to M and g{V,T) = 0. Therefore, for any 
holomorphic frame Zi,Zn, we have 

y = g^~^g{DzT, Z-^)Z, + g^~^g{DzT, Z^)Z-, 

= zg^f^giDzu, Zf,)Z^ - zg>^~^g{Dzu, Z,)Z-^ (4.8) 

= tg^~^h{Z-^, Z)Za - ig^~^h{Z^, Z)Z-^. 

In order to get the second equality in (USD, we used the isometry J and the relations 
T = J(z/), J{DzT) = Dz{J(T)), J{Zfj) = iZ^ and J{Zp) = -iZj^. Thus, (|1171)-(jl21) 
give 

h{U, S/tZ + [Z, T]) = ih{T, Z)h{U, T) + ig^~^h{Z-^, Z)h{U, Z^) 

-tg'^~^h{Z„Z)h{U,Z-^). 

Replacing (gH) into (USD, we dually dnd 

VzHU, T) - VtHU, Z) = th{U, Z)h{T, T) + ig^~^h{Z-^, Z)h{U, Z^) 

-tg^~^h{Z^,Z)h{U,Z-,), 

which is identity (j4.1bjl . 

In order to prove ()4.1c|) . take Z,U e T{H). By ()4.4|) . we have 

Vzh{U, T) - VtHU, Z) = ih{U, Z)h{T, T) - ih{U, T)h{Z, T) 

+ h{U,VTZ +[Z,T]). 

On conjugating ()4.7p . we dnd VtZ +[Z,T] = V - ih{Z,T)T, where the vector held 
V = DzT - g{DzT, z/)z/ is, by (g^ . 

R = tg^~^h{Z, Zi,)Zx - tg^~^h{Z, Z^)Z-y 

Thus, equation (ICTl reads 

\/zh{U, T) - VtHU, Z) =ih{U, Z)h{T, T) - 2ih{U, T)h{Z, T) 

+ tg^^h{U, Zx)h{Z, Zj,) - ig^~^h{Z, Z^)h{U, Z-^). 

The proof of identity is accomplished. 

In order to prove (I4.1dfl . take Z G r(7-f) and start from the identity 

Dj-D zT — D zDj'T — D\^^z]T = 0. (4.11) 

Observe that DzT = U — h{Z, T)v for some U G r(?-f © 77), because g{DzT, T) = 0. 
Precisely, as in (USD, we have 

U = ig^l‘h{Z, Zp)Zj - i9'‘V(Z, Z^)Z-,. 


(4.10) 


(4.12) 
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Then D^DzT = DtU — Th{Z,T)h' — h{Z,T)DTi^, and multiplying by u, 

giDrDzT, u) = -h{U, T) - Th{Z, T), (4.13) 

because g{DTi', u) = 0. 

We analyze the second term in the left hand side of (juni). A computation similar 
to ()4.8j) furnishes 

DtT - giDrT, v)v = ig^~^h{Z-^, T)Z^ - tg^~^h{Z^, T)Z-, = W, (4.14) 
where W G r(H Q H) is defined by the last equality. Thus, 

giDzDrT, u) = -h{Z, W) - Zh{T, T). (4.15) 

Finally, we study the third term in the left hand side of (mn). We have 
[T, Z] = DtZ - DzT = VtZ + c/(T>t^, N)N - DzT 

= VtZ - h{Z, T){v - iT) - DzT = VtZ -U + ih{Z, T)T, 

where U is defined after dnn). This yields 

g{D^T,z]T,u) = -h{[T,Z],T) = -h{VTZ,T) + h{U,T) - th{Z,T)h{T,T). (4.16) 

Multiplying (HTTD by z/ and using (gH, (ITT^ and (lOTHl . we obtain 

VzHT, T) - VtKZ, T) = 2h{U, T) - h{Z, W) - ih{Z, T)h{T, T). 

Replacing the expressions for U and W in (j4.1 and dm, we get formula (j4.1 djl . □ 

Remark 4.2. The second fundamental form h satisfies also other Codazzi equations. 
For instance, we have 

V ahg^ — V phce^ = — iha^hfjQ, (4.17a) 

V V (4.17b) 

Identity ()4.17a|l can be obtained interchanging a and (3 in identity (iroii and taking 
the difference of the two equations. Identity ()4.17bfl follows from ()4.4|1 on choosing 
Z,U,W e T{n) and using Torv(IF, Z) = 0. 

Notice also that, letting Z, U,V,W G F(7-f) and multiplying identity (I4.3|l by V, we 
get the Gauss-type equation 

g{Rs/iZ, W)U, V) = 2{h{U, W)h{V, Z) - h{U, Z)h{V, W)}. 

5. Classification results 
I n this section we prove the following results: 

Theorem 5.1. Let M C n > 2, be a {2n -|- 1)-dimensional, connected Levi 

umbilical surface with constant Levi curvature H ^ 0. Then M is contained either in 
a sphere or in the boundary of a spherical tube. 
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Theorem 5.2. Let M he a connected pseudovonvex hypersurface in n > 1, 

with constant Levi curvature H ^ 0 and hap = 0. Then, up to a complex isometry, 
M is a contained in a sphere or in a cylinder of the form 

n+l 

|z e ^ r > 0, 1 < m < n. (5.1) 

i=m 

Remark 5.3. The only compact surface among the ones dehned in (ED) is the sphere. 
Theorem EI21 improves jKH Theorem 5.2], because we assume neither compactness nor 
strict pseudoconvexity of M. 

A slight modihcation of the argument also shows that if strict pseudoconvexity (but 
not compactness) is added as hypothesis in Theorem 15.21 then the surface M must 
be contained in a sphere. 

Proof of Theorem, \5. /I Possibly changing the orientation of M, assume H > 0. Ob¬ 
serve preliminarily that, given an orthonormal frame Za, by Proposition [23 part iii), 
we have 

n 

'^ 9 {[Za,Zs],T) = -2inH 7 ^ 0, (5.2) 

q ;=1 

provided that R 7 ^ 0. Then at least one term in the sum is non zero and the 
distribution Re(7-f © H) is bracket generating. 

We accomplish the proof in several steps. 

Step 1. We claim that 

h„o = 0. (5.3) 

Indeed, contracting the indices a and 7 in the Codazzi equation ()4.17ajl . we get 

Vah% - = ihphao - ihfhpQ. (5.4) 

The fundamental form satishes h^p = Hgap and thus = HSh and h" = nH. Then 
the left hand side in o vanishes. Therefore (n — l)Hhpo = 0 . The claim follows. 
As a consequence of (Q, it turns out that h satishes the identities 

hih^p = (R2 _ hooR)<5((, (5.5a) 

Voh «/3 + ihoohap = 0, (5.5b) 

V„hoo = 0. (5.5c) 

To show ()5.5aj] . observe that, since ()5.3|) holds and h^p = Hg^p, the left hand side 
of identity (j4.1bjl vanishes. Thus, using again h^p = Hg^p in the right-hand side, we 
hnd the equation 

ha\hp {H hoQH^g^p. 

Contracting with g^h yields ()5.5ajl . Equations (j5.5bjl and follow from ilED 

and (j4.1djl . letting hao = 0 and h^p = Hg^p- 
Notice also that equation ()5.5ajl gives 


Kp\‘^-.= hih^p = nH{H-hoo), 


( 5 . 6 ) 
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which implies hoo < H. Moreover, equation (I5.5cj) and VT = 0 give Zh{T,T) = 
'\/zh(T,T) = 0 on M for any Z E H. On conjugating, the equation is satisfied also 
for all Z E a.. Since M is connected, from (D it follows that 

hiT^T) = constant = hgo on M. (5.7) 

Take P E M and denote by L the shape operator, L{X) = DxJ^, X E TpM. 

Step 2. If X G TpM is an eigenvector of L with |X| = 1 and g{X,T) = 0, then 
Y = J{X) is an eigenvector of L with |y| = 1. 

Indeed, assume that L{X) = XX for some A G M and let Z = X — iJ{X) = 
X — lY ETLp. By fl5.dj) . since L{X) is orthogonal to T, 

0 = h{Z, T) = g{L{X) - tL{Y),T) = -ig{L{Y),T). 

Therefore L{Y) is orthogonal to T. Moreover, by the symmetry of L, g{L{Y), X) = 
g{L{X), Y) = Xg{X, Y) = Xg{X, J(X)) = 0. Finally, ii W E Hp satisfies g{Z, W) = 
0, it must be also g{X,W) = 0 and thus g{L{X),W) = Xg{X,W) = 0. Since M is 
Levi umbilical, we also have g{L{Z), W) = Hg{Z, W). Eventually, we get 

g{L{Y), IT) = *^(L(X) - zL{Y),W) = tg{L{Z),W) = zHg{Z, IT) = 0. 

Taking the conjugate we also hnd g{L{Y), W) = 0. Ultimately, we showed that L{Y) 
has no component orthogonal to Y and our claim is proved. 

Step 3. At any point P E M there exists an orthonormal basis {Xq, Yq, = J{Xa),T : 
a = 1,... ,n} of TpM such that 

L(X,) = {H+ - hooH)X^, 

L{Y^) = {H- - hooH)Y^, (5.8) 

L{T) = hooT. 

Note first that, by (j5.d|l . h{T,X) = 0 for any X G Tip ® Tip. Then we have 
L(T) = hooT, by (jSUl), and the orthogonal complement of T at any point P G M is an 
invariant subspace for L. We diagonalize L restricted to this invariant subspace. By 
Step 1, for any eigenvector Xq, with eigenvalue Aq, there is an eigenvector Y^ = J{,Xa) 
with eigenvalue /i^. Thus we get an orthonormal basis {T, Xq,, Yq, a = 1,..., n} of 
TpM. We may assume Xa> p-a- 

The values of Aq and pa are determined by ()5.5all and by Levi umbilicality. Indeed, 
letting Zq = Xq — iYk, we have g^^ = 2(5q^. Since M is Levi umbilical, 

2H = Hg{Za, Zq) = g{L{Za), Zq) = 5 f(AQXQ - ipoYa, Xq + iY^) = Aq + pa. (5.9) 

Moreover, since hap = g{Za, L{Zp)) = (Aq - Pa)Sap, h is = X{X^ - pa)S^. Thus, 

(P2 _ hooH)6l = hih} = ^(Aq - p^fSl (5.10) 

The solutions to equations (EH) and (ICTl are Aq = P + a/— hgoP and p^ = 
P — a/P^ — hooH. The proof of Step 3 is concluded. 
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In Step 3, we established that the principal curvatures of M are the constant num¬ 
bers 0 . By a classical result going back to Segre (H), if a connected hypersurface 
in has constant principal curvatures, then it must be a plane, a sphere or a 

cylinder, i.e. a Cartesian product x where W is a p-dimensional sphere and 

< p < N. In particular, a surface with constant curvatures can have at most two 
different ones. The numbers in (ED are not pairwise different only in the following 
two cases: 

Case A: /loo = H and 
Case B: /iqo = 0. 

In Case A, ah the principal curvatures are equal to H and the surface M must be 
contained in a sphere of radius In Case B the surface must be a cylinder. In the 
latter case, equations (ED become 

L(X«) = 2M„, L(y„) = 0 and L{T) = 0. (5.11) 

Fix a point P. After a complex rotation, we may assume that the vectors at P 
satisfying (EIH) are = dy^ and T = This means that ker(L) = 

span{c?j^^ : h = 1,..., n -f- 1}. For a cylinder, ker(L) is the same at any point (after 
the trivial identihcation between different tangent spaces of M^”). Moreover, the 
remaining n principal curvatures are ah equal to 2H. Then the surface is contained 
in a cylinder of equation 

n+l .. 

k=l 

for suitable constants bk- The proof is concluded. 

□ 


Proof of Theorem, \ 5.^ Without loss of generality we can assume FT > 0. 

Step A. First we prove that hao = 0. Since = 0, ()4.1a|l becomes V/shaj+iha^h^o + 
2ihaohi3^ = 0. Contracting with gives V/ 3 F" -f- ihfJipQ -f 2ihaoh‘fj = 0. The Levi 
curvature is constant and then 


nHhfso + = 0. (5.12) 

Denote by F(a), A = 1,..., n, the principal Levi curvatures of M at a point P. This 
means that there is an orthonormal family of holomorphic vectors V(a) = E Tip, 

A = 1,... ,n, such that = k{\)V^y Contracting ()5.12jl with yields 

{nH + 2k(x))h{T, V(x)) = 0. 

By pseudoconvexity, it is k(^x) > 0 for ah A = 1,... ,n. Since H > 0, this implies 
h{T, V(x)) = 0 for any A = 1,..., n, which ensures = 0. 
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Inserting hap = 0, hao = 0 and = nH = constant in equations (I4.1a|l . (I4.1bfl and 
gM, we find 


V phap = 0, (5.13a) 

Vohap = ihaxh^ - ihaphoo, (5.13b) 

Wahoo = 0. (5.13c) 

Equation ()5.13cj) and VT = 0 imply that Zhoo = 0 for all holomorphic Z. Since the 
horizontal distribution is bracket generating, we conclude that h-oo is constant on M. 
Contracting a and [3 in (I5.13bf) and using H = constant, we find haplf"^ = nHhoQ. If 
hoo = 0, it follows that hax = 0 and thus H = 0. This is not possible and hoo must 
be a non zero constant. Since hao = 0, by Step A we also have L{T) = hooT. 

Step 5. If X G TpM is a real tangent vector orthogonal to T and such that L{X) = 
AX, then the vector Y = J{X) satisfies L{Y) = pY. This follows from hap = 0 and 
can be proved as in Step 2 of the proof of Theorem 15. II Moreover, letting Z = X — iY 
we have 

0 = h{Z, Z) = g{L{Z), Z) = g{\X - ipY, X - iY) = X - p. 

Therefore \ = p. 

Iterating this process n times, we find an orthonormal basis {Xa,Ya = J{Xa),T : 
a = 1,..., n} of TpM such that 


L{Xa) = XaXa, T(X«) 


XaYa‘ 


(5.14) 


Notice that L sends H into H, because hap = 0 and hao = 0. Moreover, letting 
Za = Xa — iYa we have L{Za) = XaZa- The numbers Ai,..., are the eigenvalues 
of the Levi form at the point P, i.e. h{Za, Zp) = Xag{Za, Zp). 

Step C. We claim that the eigenvalues of L are constant. First observe that any pair 
of points in M can be connected by a horizontal path 7 : [0,1] —>■ M, i.e. a piecewise 
curve such that g{'y,T) = 0. This follows from the rank condition ()5.2j) . Take 
P,QeM and connect them by a horizontal curve 7 with 7 ( 0 ) = P and 7 ( 1 ) = Q. 
Let {X^,y^ = J{X^),T : a = 1, ...,n} be an orthonormal basis of TpM satisfying 
(Ol) . Let Z^ = X^ — lY^ and let Za be the parallel extension of Z^ along 7 , that 
is 

XpZa = 0 along 7 and Za{P) = Z^. (5.15) 

The vector field Za is holomorphic 

Equation ()5.13a|l and its conjugate imply 

Xph{Z, W) = 0, for all holomorphic Z, W. (5.16) 

Then, from ()5.16|) and (I^a[ 31) it follows that 

—h{Za, Zp) = Xph{Za, Zp) + h(S/pZa, Zp) + h{Zai XpZp) = 0. 

Thus h^Za, Zp) is constant along 7 and 

h{Za,Zp) = h{Z^,Z^)=2Xa6ap, 
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where the Aq,’s are the Levi eigenvalues at P. Since g is parallel, we also have 
g{Za,Z^) = g{Z^,Z^) = Eventually, we get h{Zo„Zp) = Xag{Za,Z^), where 

the Aq’s are again the eigenvalues at P. This means that also at the point Q = 7 ( 1 ) 
the eigenvalues of L are Ai, A 2 ,..., A„ and hoo- 

Step D. The shape operator L has constant eigenvalues Ai,..., A„, hoo- Each eigenvalue 
Aq has multiplicity 2 and the corresponding eigenspace is a complex subspace of 
gy gegj-g’g theorem on hypersurfaces with constant curvatures, M can have 
no more than two different constant curvatures and it is contained either in a sphere 
or in a cylinder with spherical section. We may assume Ai = ■ ■ ■ = Am = 0 and 
Am+i = ■ ■ ■ = Xn = hoo for some 0 < m < n — 1. In case m = 0 we have a sphere. 
In case l<m<n — Iwe have a cylinder of the form (ini). The case case m = n is 
excluded, because we have a cylinder of the form C"" x which has H = 0. 

The proof is concluded. □ 
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